RELATIONS BETWEEN VARIOUS BOUNDARIES OF 
RELATIVELY HYPERBOLIC GROUPS 



HUNG TRAN 

Abstract. Suppose a group G is relatively hyperbolic with respect to 
a collection P of its subgroups and also acts properly, cocompactly on a 
CAT(O) (or 5-hyperbolic) space X. The relatively hyperbolic structure 
provides a relative boundary d(G,f). The CAT(O) structure provides 
a different boundary at infinity dX. In this article, we examine the 
connection between these two spaces at infinity. In particular, we show 
that d(G, P) is G-equivariantly homeomorphic to the space obtained 
from dX by identifying the peripheral limit points of the same type. 



1. Introduction 

In [Gro87| . Gromov introduced relatively hyperbolic groups. This con- 
cept was studied by Bowditch [Bowl2j . Osin [Osi06j, Farb [Far98j and oth- 
ers. Many equivalent definitions for this concept were introduced. Gromov 
defined a relatively hyperbolic group by its action on a proper, hyperbolic 
space (cusped space) with some certain properties of the action (see the Def- 
inition 1 in |Bowl2j ). Bowditch (elaborating on an idea of Farb) viewed a 
relatively hyperbolic group by its action on a fine, hyperbolic graph (coned 
off space) with some certain properties (See Definition [32]). By investigating 
the geometry of the cusped spaces and coned off spaces, he introduced two 
equivalent concepts of the relative boundary of a relatively hyperbolic group. 
In |Bow99j . Bowditch also proved that the relative boundary of a relatively 
hyperbolic group is always locally connected if it is connected (under certain 
hypotheses on the peripheral subgroups). 

Many CAT(O) or <5-hyperbolic spaces admit the proper, cocompact ac- 
tions of relatively hyperbolic groups. These such spaces were studied by 
Hruska-Kleiner |HK05| . Caprace [Cap09|, Kapovich-Leeb [KL95j . Hindawi 
[Hin05] and others. A natural question arises in the connection between 
the boundary of a CAT(O) space or a hyperbolic space with the relative 
boundary of a relatively hyperbolic group. Suppose a group G is relatively 
hyperbolic with respect to a collection P of its subgroups and also acts 
properly, cocompactly on a CAT(O) (or <5-hyperbolic) space X. What is 
the connection between the boundary of X and the relative boundary of G1 
The main theorem in this paper is the answer for this question: 
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Main Theorem. Let (G, S, P) be a relatively hyperbolic group that acts 
properly and cocompactly on a CAT(O) space or a 5 -hyperbolic space X. 
Then the relative boundary d(G, P) of G is G-equivariantly homeomorphic 
to the space obtained from dX by identifying the peripheral limit points of 
the same type. 

For example, let G be the fundamental group of a complete 3-dimensional 
hyperbolic manifold of finite volume. The group G is obviously hyperbolic 
relative to the collection P of its cusp subgroups and G acts on the hyperbolic 
space H 3 . Moreover, the action satisfies all conditions in the Definition 1 
of |Bowl2| . Thus the relative boundary of (G, P) is obviously d(G,F) = 
dM 3 = S 2 . Ruane [Rua05] considered a metric space X obtained from the 
hyperbolic space H 3 by deleting the family of disjoint open horoballs of the 
action and endowing X with the induced length metric. She proved that 
X is a complete CAT(O) space and boundary of X is the Sierpinski carpet. 
We obtain S 2 by identifying each circles inside the Sierpinski carpet and the 
circle of outside boundary of the Sierpinski carpet. Thus, we can see the 
connection between the relative boundary of the group G and the CAT(O) 
boundary of the space X. 

From the theorem, we could see that we are able to understand the relative 
boundary of a relatively hyperbolic group if we have enough information of 
the boundary of the space on which the group acts properly, cocompactly 
and the peripheral limit points of each peripheral left coset. We take a look 
on some examples: 

Let G be a J-hyperbolic group and P be a finite collection of its quasi- 
convex, malnormal subgroups. Thus, G is not only a hyperbolic group but 
also a relatively hyperbolic with respect to the collection P. By the main 
theorem, the relative boundary d(G, P) is obtained from the boundary of G 
by identifying the limits points of each peripheral left coset. 

In particular, if G is a fundamental group of a hyperbolic surface M and 
H is a fundamental group of a closed essential curve C of M, then the 
group G is not only a hyperbolic group but also a relatively hyperbolic with 
respect to H. We know that the boundary of G is a circle S 1 and each 
peripheral left coset gives us a pair of limit points. By identifying each 
such pair, we see that the relative boundary is a tree-graded over circles 
(for the definition of tree graded spaces, see [DS05| ). This example was also 
discussed by Bowditch in [BowOlj . He examined these boundaries from a 
different point of view using the structure of the splitting as an amalgam. 

In [HK05], Hruska and Kleiner proved that if a group G is relatively 
hyperbolic with respect to a collection of virtually abelian subgroups of 
rank at least two and G acts properly and cocompactly on a CAT(O) space 
X, then X has a family of isolated flats. Moreover, the set of all peripheral 
limit points is also the set of all points that lie in the boundaries of these 
flats. Two peripheral points have the same type iff they lie in the boundary 
of the same isolated flat. We know that each boundary of an isolated flat 
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is an isolated sphere in the boundary of X. Thus, by identifying each such 
isolated sphere from the boundary of X we obtained the relative boundary 
of G. 

Generally, many relatively hyperbolic groups are also "CAT(O) groups" 
in the sense that they act properly and cocompactly on CAT(O) spaces. For 
instances, the fundamental groups of compact, irreducible 3-manifolds with 
at least one hyperbolic JSJ component [KL95]. CAT(O) groups with isolated 
flats [HK05], relatively hyperbolic Coxeter groups |Cap09|, and fundamental 
groups of certain real analytic, nonpositively curved 4-manifolds [Hin05] and 
others. The main theorem could be applied to these such groups in order to 
understand the connection between the two different kinds of boundaries at 
infinity of them. 

Another advantage of the theorem is that it helps us to see the connection 
between the boundaries of the cusped space Y, the coned off space K and 
the space X the group acts properly, cocompactly on (In particular, X 
carries the intrinsic geometry of the group). In |Bowl2j . Bowditch showed 
the connection between the cusped space Y and the coned off space K as 
the following: 

dY ~ A^K 

where A^K is a topological space that contains dK, we will define A^K 
later. In particular, there is a natural embedding of dK into dY. Bowditch 
used the dY or A^K to define the relative boundary of a relatively hyper- 
bolic group G. The main theorem deduces that there is a quotient map from 
dX to the dY. As a consequence, there is an embedding from dK into dX. 
Therefore, we have the complete connection among the boundaries of three 
such kinds of spaces. 

In this paper, we only focus on the case of CAT(O) spaces. The proof 
for the case of 5-hyperbolic spaces is nearly identical and we leave it to the 
reader. 

Acknowledgments. I would like to thank my advisor Prof. Christopher 
Hruska for very helpful comments and suggestions. 

2. Some properties of <5-hyperbolic spaces and CAT(O) spaces 

In this section, we review the concept of CAT(O) spaces and <5-hyperbolic 
spaces and their well-known properties we need to prove the main theorem. 
Most of information in this section are cited from [Bal95 1 and [GdlH90 . 

Definition 2.1. We say that a geodesic triangle A in a geodesic space X 
satisfies the CAT(O) inequality if d(x,y) < d(x,y) for all points x,y on the 
edges of A and the corresponding points x, y on the edges of the comparison 
triangle A in Euclidean space E 2 . 

Definition 2.2. A geodesic space X is said to be CAT(O) space if every 
triangle in X satisfies the CAT(O) inequality. 
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If X is a CAT(O) space, then the CAT(O) boundary of X, denoted dX, is 
denned to be the set of all equivalence classes of geodesic rays in X, where 
two rays c, d are equivalent if the Hausdorff distance between them is finite. 

On dX, we could build a topology as the following : 

We note that for any x G X and £ G dX there is a unique geodesic ray 
a x £: [0,oo) — > X with a x ^(0) = x and [o^] = £. We have a topology on 
OX by using the sets U(x,£, R, e) = {£' G <9Y | d(a X) ^(i2), a Xj ^/(12)) < e}, 
where ifX^e dX, R > and e > basis. 

Definition 2.3. A geodesic metric space (X, d) is S-hyperbolic if every ge- 
odesic triangle with vertices in X is 5 -thin in the sense that each side lies 
in the (5-neighborhood of the union of others sides. If X is a (5-hyperbolic 
space, then we could build the hyperbolic boundary of X, denoted dX, by 
the same way we do in a CAT(O) space. That is, the hyperbolic boundary 
of X is defined to be the set of all equivalence classes of geodesic rays in X, 
where two rays c, d are equivalent if the Hausdorff distance between them 
is finite. However, the topology on it is slightly different from the topology 
on the boundary of a CAT(O) space. 

Remark 2.4. For each finite path a in a space X, we denote the endpoints 
of a by q + and q_. For each ray a in a space X, we denote the initial point 
of a by a + . 

Definition 2.5. Let (X, d) be a metric space. 

(1) A path p in X is said to be (L, C)-quasigeodesic for some L > 1, C > 
0, if for every subpath q of p the inequality £(q) < Ld(q + ,q-) + C 
holds. 

(2) A path p in X is said to be quasigeodesic if it is (L, C)-quasigeodesic 
for some L > 1, C > 0. 

(3) A path p in X is said to be L- quasigeodesic if it is (L, L)-quasigeodesic 
for some L > 1. 

(4) Two quasigeodeics are equivalent if the Hausdorff distance between 
them is finite. 

Definition 2.6. Let X and Y be two metric spaces. 

(1) The function $ from X to Y is said to be a K-quasi-isometry for 
some constant K > 1 if for all x, x' G X the inequality 

^d x (x,x') - 1 < dy($(x), < tfcfrfo x') + K 

holds and Afc($(X)) = Y. 

(2) The function $ from X to Y is said to be a quasi-isometry if it is a 
K-quasi-isometry for some K > 1. 

Here are some well-known properties of ^-hyperbolic spaces and CAT(O) 
spaces. 

Lemma 2.7. Xei a and /3 be two geodesies in a CAT(O) space X such that 
the endpoints of (3 lie in N e (a) for some positive number e. Then j3 C N e (a). 



VARIOUS BOUNDARIES OF RELATIVELY HYPERBOLIC GROUPS 



5 



Remark 2.8. For the case of ^-hyperbolic spaces, we have the similar result: 
For each e > 0, 5 > there is A = A(e, 5) > such that the following 
holds. Let a and be two geodesies in a <5-hyperbolic space X such that 
the endpoints of f3 lie in N e (a). Then /3 C Nji(a). 

Lemma 2.9. For each choice of positive constants 5 and a, there is a posi- 
tive number R = R(5, a) such that the following holds. Let a and a' be two 
equivalent geodesic rays in a b-hyperbolic space such that d(a+, a' + ) < a or a 
and a' be two geodesic segments such that d(a+,a' + ) < a and d(a~, a' J) < a. 
Then the Hausdorff distance between them is at most R. 

Lemma 2.10. Let X be a 5-hyperbolic space. There is a number M = M(5) 
such that the following holds. Let a and a' be two equivalent geodesic rays 
in X with the same initial point z. Let x and y be two points in a and a 1 
respectively such that d(z,x) = d(z,y). Then d(x,y) < M. 

3. Some properties of fine graphs and hyperbolic graphs 

In this section, we review some concepts related to graphs, hyperbolic and 
fine graphs, the construction of hyperbolic closure and infinite hyperbolic 
closure of a hyperbolic and fine graph. Most of information in this section 
are cited from |Bowl2| . 

Definition 3.1. Let K be a graph with the vertex set V{K) and the edge 
set E{K). We write Vq{K) and Voo(K) respectively for the sets of vertices 
of finite and infinite degree. A path of length n connecting x, y 6 V is a 
sequence, xqXi ■ ■ ■ x n of vertices, with xq = x and x n = y, and with each Xi 
equal to or adjacent to Xi + \. A ray xqX\ ■ ■ ■ x n ■ ■ ■ is defined similarly. A 
path xoxi ■ ■ ■ x n is an arc if the Xi are all distinct. A cycle is a closed path 
xo = x n , and a circuit is a cycle with all vertices distinct. We regard two 
cycles as the same if their vertices are cyclically permuted. We frequently 
regard arcs and circuits as subgraphs of K. We put a path metric, dx, on 
V(K), where dx(x,y) is the length of the shortest path in K connecting x 
and y. 

Lemma 3.2 (Proposition 2.1, |Bowl2j ). Let K be a graph. The following 
are equivalent: 

(1) For each positive number n, each edge of K is contained in only 
finitely many circuits of length n. 

(2) For each positive number n and x, y 6 V{K), the set of arcs of length 
n connecting x to y is finite. 

Definition 3.3. We say that a graph is fine if it satisfies one, hence two, 
of the properties in Lemma 13.21 

From now, we assume that K is connected, fine and hyperbolic. Let dK 
be the usual hyperbolic boundary of K and we assume that dK has more 
than two points. We define AK = V(K)UdK , we call the hyperbolic closure 
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of K and A^K = Voo(K) UdK, we call the infinite hyperbolic closure of K. 
We put a topology on A(K) as follows: 

For each a 6 AK and A a finite set of V(K) that does not contain a, we 
define M(a, ^4) to be the set of points b € AK such that there is at least 
one geodesic a from a to 6 that does not meet A. We define a set U C AK 
to be open if for all a G U, there is a finite subset A C ^(iT) that does not 
contain a such that M(a, A) C C/. 

We observe that the set Vq of all finite degree vertices of K is also the set 
of all isolated points in AK. Thus, we could view A^K as AK minus the 
set of all isolated points. 

Definition 3.4. For each A > 1, c > 0, a G AK and a finite set A of V(K) 
that does not contain a, we define Af(A,c) ( a > A) to be the set of points b £ AK 
such that there is at least one (A, c)-quasigeodesic a from a to & that does 
not meet A. 

Lemma 3.5 (Bowditch, [Bowl2]). Let K be a fine and hyperbolic graph. 
Then: 

(1) For each A > l,c > 0, t/ie collection of all sets of the form M^\ c ^{a, A) , 
where a £ Aii~ and i is a finite set of V{K) that does not contain 
a, forms the basis for the topology on AK as defined above. 

(2) AK is hausdorff. 

(3) The subspace topology on dK induced from AK agrees with the usual 
topology on dK. 

(4) AK and A^K are compact. 

4. Some properties of the Cayley graph and coned off Cayley 
graph of relatively hyperbolic group 

The aim of this section is to show the concept of relatively hyperbolic 
groups, the concept of the relative boundary of a relatively hyperbolic group, 
some properties of the Cayley graph, the coned off Cayley graph of a rela- 
tively hyperbolic group and the connection between these two graphs. 

Definition 4.1. Given a finitely generated group G with Cayley graph 
r(G, S) equipped with the path metric and a collection F of subgroups of 
G, one can construct the coned off Cayley graph T(G, S, P) as follows: For 
each left coset gP where P € P, add a vertex v g p, we call peripheral vertex, 
to the Cayley graph T(G,S) and for each element x of gP, add an edge 
e{x, gP), we call peripheral half edge, of length 1/2 from x to the vertex v g p. 
This results in a metric space that may not be proper (i.e. closed balls need 
not be compact). 

Definition 4.2 (Relatively hyperbolic group). A finitely generated group 
G is said to be hyperbolic relative to a collection P of subgroups of G if the 
coned off Cayley graph has the following properties: 

(1) It is (^-hyperbolic and 
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(2) It is fine. 

Each group P € P is said to be a peripheral subgroup and its left cosets are 
said to be peripheral left cosets and we denote the collection of all peripheral 
left cosets by IT. 

Definition 4.3 (Relative boundary). Suppose (G, P) is relatively hyper- 
bolic, and S is a finite generating set for G. The relative boundary <9(G, P) 
is the space Aoo (f(G, S, P)) . 

Remark 4.4. Bowditch has shown that the relative boundary does not 
depend on the choice of finite generating set. Indeed, if S and T are finite 
generating sets for G then the spaces A 00 (f (G, 5,P)) and A 00 (f(G,T,P)) 
are G-equivariantly homeomorphic (see |Bowl2| ) 

Remark 4.5. In T(G, S, P), we call an edge labelled by an element in the set 
S of generators a S-edge and we call an edge that consists of two peripheral 
half edges with some peripheral vertex v g p in the middle a peripheral edge. 

From now, we assume that group G is a non-elementary hyperbolic rela- 
tive to some collection P of its subgroups and we denote the metric in the 
T(G, S) by ds and the metric in T(G, S, P) by d. 

Lemma 4.6 (Osin, [Osi06 ). If G is a finitely generated group which is 
hyperbolic relative to the collection P of subgroups of G, then P is finite. 

Definition 4.7. Let (X, d) be a geodesic metric space. Let (Y{p)) peP be a 
collection of subsets of X, indexed by a set P. We say that: 

(1) (Y(p)) p&p is quasidense if X = N t (U p gp Y(p)) for some t > 0. 

(2) (Y(p)*) gp is locally finite if {p € P | d(x,Y{p)} < u } is finite for 
all x € X and u > 0. 

(3) (Y(p)) peP has £/ie bounded penetration property if, given any r > 0, 
there is some D = D(r) > such that for all distinct p,q S P, the 
set N r (Y(p)^j niV r (y((j)) has diameter at most D. 

(4) (Y(p)) g p has i/ie uniform neighborhood quasiconvexity property if, 
given any A > 1,G > 0,r > 0, there is some D = D(X,C,r) > 
such that any (A, G)-quasigeodesic segment whose endpoints lie in 
the r-neighborhood of any set Y(p) must lie in the D-neighborhood 
of Y(p). 

The proof for the following lemma is obvious and we leave it to the reader. 

Lemma 4.8. The properties in Definition \4- 7| are invariant under quasi- 
isometry. 

Lemma 4.9 (Drutu-Sapir, [DS05]). Let G be finitely generated and hy- 
perbolic relative to a collection P of subgroups of G. Then in T(G,S), the 
collection of peripheral left cosets { gP \ P G P, g G G} has the properties in 
Definition ^. 7| 
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Definition 4.10. If c is a path in f (G, S,F) and M > 0, the M-saturation 
of c, denoted SatA,/(c), is the union of all peripheral left cosets gP such that 
there is at least one G-vertex of c which lies in the M-neighborhood of gP 
with respect to ds- 

Lemma 4.11 (Theorem 3.26, [Osi06]). There is a positive constant a such 
that the following holds. Let A = (p, q, r) be a geodesic triangle in T(G, S, P) . 
Then for each G -vertex v on p, there is a G-vertex u in the union qL)r such 
that ds(u, v ) < a. 

Lemma 4.12. Let tt and tt' be two equivalent geodesic rays in T(G, S, IP) 
(i.e the Hausdorff distance between tt and tt' is finite with respect to d) with 
the same initial point h$. Suppose that (g n ) and (g' n ) are the sequences of 
all G-vertices of tt and tt' respectively. Then the Hausdorff distance between 
{g n ) and (g' n ) is finite with respect to the metric ds- 

Proof. Let M = M(5) be the number in Lemma 12.101 where S is the hyper- 
bolic constant of r(G, S,¥). Let a be the number in Lemma 14.111 

For each g n S tt, choose a positive integer m > n + M(5) + a. Let tt" be 
a geodesic in T(G, S,P) that connects g m and g' m . By Lemma 14.111 there is 
a G-vertex u in the union tt' U tt" such that ds(u, g n ) < a. 

If u G tt", then d{g n ,g m ) < d{g n ,u) + d(u,g m ) < d s (g n ,u) + d(u,g m ) < 
a + M(8). Also, d{g n ,g m ) = m — n. Thus, m — n < a + M(5). This is a 
contradiction. It implies that u £ tt'. Thus {g n ) lies in the a-neighborhood 
of (g' n ) with respect to the metric ds- 

Similarly, (g' n ) lies in the a-neighborhood of (g n ) with respect to the 
metric ds- Therefore, the Hausdorff distance between (g n ) and (g' n ) is finite 
with respect to the metric ds- □ 

Lemma 4.13 (Lemma 8.8, [HrulOj ). For each e > there is A = A(e) > 
such that the following holds. Let c be an e-quasigeodesic in T(G, S) and c be 
a geodesic in T(G, S, P) with the same endpoints in G. Then each G-vertex 
of c lies in the A-neighborhood of some vertex of c with respect to the metric 
ds- 

Definition 4.14. Let c be a quasigeodesic in a space X. If cq is any subset 
of c, the Hull of Co in c, denoted Hull c (co) is the smallest connected subspace 
of c containing cq. 

Lemma 4.15. For each e > there are constants A = A{e) > and 
B = B(e) > such that the following holds. Let c be an e-quasigeodesic 
ray in T(G,S) such that c is not contained in Nji(gP) for any peripheral 
left coset gP and any positive number R. Then there is a geodesic ray c in 
r(G, S, P) such that c and c have the same initial point, each G-vertex of 
c lies in the A-neighborhood of c and c lies in the B -neighborhood of the 
Sato(c) with respect to the metric ds- 

Proof. Let A = A{e) be the number in Lemma 14. 131 Since {gP) g p^n is 
an uniform neighborhood quasiconvex collection of subset of T(G,S), then 
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there is some A\ = Ai(A, e) > such that any e-quasigeodesic segment 
whose endpoints lie in the A-neighborhood of any set gP must lie in the 
^-neighborhood of gP. 

Choose (z n ) in c such that zq is the initial endpoint of c and ds(zo, Zn) — y 
oo. For each n, choose a geodesic c n in T(G, S,F) with the endpoints zq and 

For each m > and n > m, each G-vertex of c n lies in the A-neighborhood 
of some vertex of [zq, z n \. For each G-vertex v of c n , let 

c v = Ru\l [z0tZn] ([z , z n ] fl B(v, A)) 

For each edge e of c n with G-endpoints u and w, let 

c e = Hul\ [z0tZn] (c v Uc w ) 

We note that e is either a 5-edge in T(G, S) or e is a peripheral edge that 
consists of two peripheral half edges with some v g p in the middle. We see 
that [zq, z n ] is covered by the sets c e for all edge e of c n . Thus, z m G c e for 
some edge e of c n . 

If e is a 5-edge, the length c e is at most e{2A + 1) + e. It implies that 
z m lies within a distance e(2A + 1) + e of [zo,z n ] n B(v,A), where v is a 
G-vertex incident to e. Thus, z m lies within e(2A + 1) + e + A of v. We 
choose v m)n = v and we have ds(v mtn , z m ) < e(2A + 1) + e + A. 

If e is a peripheral edge, then the midpoint of e is v g p for some peripheral 
left coset gP and [zq, z n ]nB(v, A) lies in the ^4-neighborhood of gP for each 
G-endpoint v of e. Since each point in c e lies between two such points, c e 
lies in the ^-neighborhood of gP. In particular, ds(z m , gP) < A±. We 
choose v mtn = V g p. 

In both cases, we see that there are only finitely many possibilities for v m;n 
when we fix m and let n > m arbitrary. By a diagonal sequence argument, 
we can suppose that v m ^ n = v m is independent of n > m. In other words, 
v m £ c n for all n > m. 

For each < m < n there is a geodesic d mi „ from zq to v m such that 
d m ,n C c n . Since T(G, S, P) is fine, then there are only finite many possibili- 
ties for d m>n when we fix m and let n > m arbitrary. By a diagonal sequence 
argument again, we can suppose that d m ^ n = d m is independent of n > m. 
In other words, d m C c n for all n > m. 

We claim that the set { v m \ m > } is infinite. Suppose that { v m \ 
m > } is finite. For each m > 0, if v rn is a G-vertex, then we choose some 
peripheral left coset g m Pm containing v m , otherwise we choose g m P m = gP 
where v m = v g p. The chosen left cosets set { g m P m \ m > } is also finite. 
Also, 

ds(z m ,g m Pm) <max{e(2A + l) + e + A,^i} 
Thus, we could find a subsequence (m n ) of the sequence (m) and gP G 
{ 9mPm | m > 0} such that g mn P mn = gP. It implies that 

d s (z mn ,gP) <max{e(2A + l) + e + A,Ai} 
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It implies that c C Np(gP) for some R by the uniform neighborhood qua- 
siconvexity of gP. This is a contradiction. Thus, { v m | m > } is infinite. 
Therefore, there is a geodesic ray c in T(G, S, P) emanating from zq and 
d m C c for all m. 

Each G-vertex u of c lies in some segment d m and we know that d m d c n 
when n > m, then u lies in the A-neighborhood of c. We claim that c lies 
in the ^-neighborhood of the Sato(c) for some B(e) with respect to metric 
d S - 

For each G-vertex v of c, let 

c v = Rul\ c (cDB(v,A)) 
For each edge e of c with G-endpoints w and iu, let 

c e = Hull c (c„ U c w ) 

We note that e is either a 5-edge in T(G, 5) or e is a peripheral edge that 
consists of two peripheral half edges with some v g p in the middle. Again, c 
is covered by the sets c e for all edge e of c. Thus, for each x € c, x E c e for 
some edge e of c. 

If e is a S-edge, the length c e is at most e(2A + 1) + e. It implies that 
x lies within a distance e(2A + 1) + e of c n B(v, A), where v is a G-vertex 
incident to e. Thus, x lies within e(2A + 1) + e + A of v. Therefore, x lies 
within e(2A + 1) + e + A of Sat (c). 

If e is a peripheral edge, then the midpoint of e is v g p for some gP and 
c n B(v,A) lies in the A-neighborhood of gP for each G-endpoint v of 
e. Since each point in c e lies between two such points, c e lies in the Ax- 
neighborhood of gP. In particular, ds{x,gP) < A±. Therefore, c lies in the 
.B-neighborhood of the Sato(c) with respect to ds for some B(e). □ 

Lemma 4.16. For each e > there are constants A = A{e) > and 
B = B{e) > such that the following holds. Let c be an e-quasigeodesic ray 
in r(G, S) such that c is contained in Np(g*P*) for some peripheral left coset 
g*P* and some positive number R. Let c be a geodesic in r(G, S, P) that 
connects the initial point of c and v g *p* . Then each G-vertex of c lies in the 
A-neighborhood of c and c lies in the B-neighborhood o/Sato(c) with respect 
to the metric ds- Moreover, if z* is a point in c such that ds(z*,g*P*) < A, 
then the subray of c that emanates from z* lies in the B-neighborhood of 
g*P* with respect to metric ds- 

Proof. Let A = A{e) be the number in Lemma 14.131 Since (gP) 9 p e n is 
an uniform neighborhood quasiconvex collection of subsets of T(G, 5), then 
there is some A\ = A\(A,e) > such that any e-quasigeodesic segment 
whose endpoints lie in the A-neighborhood of any set gP must lie in the 
Ai-neighborhood of gP. Choose (z n ) in c such that zq is the initial endpoint 
of c and ds(zo, z n ) — > oo. For each n, choose a geodesic c n in T(G, S, P) with 
the endpoints zq and z n . 
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For each m > and n > m, each G-vertex of c n lies in the ^-neighborhood 
of some vertex of [zo, z n \. For each G-vertex v of c„, let 

c v = Hull [z0)2n] ([z , z n ] n B(v, A)) 

For each edge e of c n with G-endpoints v and w, let 

c e = Hull[ Z0)Zn] (c„ Uc w ) 

We note that e is either a 5-edge in T(G, S 1 ) or e is a peripheral edge that 
consists of two peripheral half edges with some v g p in the middle. We see 
that [,2b, Zn] is covered by the sets c e for all edge e of c n . Thus, z m 6 c e for 
some edge e of c n . 

If e is a S'-edge, the length c e is at most e(2A + 1) + e. It implies that 
z m lies within a distance e(2A + 1) + e of [zo,£n] H where u is a 

vertex incident to e. Thus, z m lies within e(2A + 1) + e + A of v. We choose 
%, n = -u and we have ds{v m ^ n , z m ) < e(2A + 1) + e + A. 

If e is a peripheral edge, then the midpoint of e is v g p for some peripheral 
left coset gP and [zq, z n ]r\B(v, A) lies in the A-neighborhood of gP for each 
G-endpoint v of e. Since each point in c e lies between two such points, c e 
lies in the Ai-neighborhood of gP. In particular, ds(z m , gP) < -Ai. We 
choose i; m)n = v gP . 

In both cases, we see that there are only finitely many possibilities for v m ^ n 
when we fix m and let n > m arbitrary. By a diagonal sequence argument, 
we can suppose v m ^ n = v m is independent of n > m. In other words, v m € c n 
for all n > m. 

Since c lies in the R — nGigh.borh.ood of q* P* ^ then the length of ea.ch c n is at 
most 2R + 1. It implies that the set { v m \ m > } is finite. For each m > 0, 
if v m is a G-vertex, then we choose some g m P m containing v m , otherwise 
we choose gmPm 

= gP where v m = v g p. Thus, the chosen peripheral left 
cosets set {g m Pm | m > 0} is also finite. Also ds(z m , g m P m ) < ^-2, where 
A 2 = max{e(2A + 1) + e + A, A]]. 

We could find a subsequence (m n ) of the sequence (m) and g'P' € { g m P m \ 
m>0} such that g mn Pm n = g'P'- It implies that ds(z mn , g' P') < A 2 . 
Since g'P' is an uniform neighborhood quasiconvex set, then there is a num- 
ber ^3 such that NA 3 (g'P') contains an infinite subray of c. In particular, 
d[am(N A . 3 (g' P') n N R (g* P*)) is infinite. It implies that g'P' = g*P* by the 
bounded penetration property. 

If v g *p* does not lie in any c n , then v mn must lie in g mn P mn = g*P* and 
ds(z mn ,v mn ) < e(2A + 1) + e + A for all n. It is a contradiction since the 
geodesic &k contain more than two points in g*P* for some k. Thus, v g *p* 
must lie in some c n . 

We replace the geodesic segment of c n that emanates from the initial 
point of c to the point v g -*p* by c, then the new path c' n is also a geo- 
desic with two endpoints in c. It implies that each G-vertex of c' n lies in 
the A-neighborhood of c. In particular, each G-vertex of c lies in the A— 
neighborhood of c. 
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If z* is a point in c such that d(z* , g* P*) < A, then the subray of c that 
emanates from z* lies in the ^-neighborhood of g*P* for some A3 since 
ds(z mn , g* P*) < A2 and g*P* is an uniform neighborhood quasiconvex set. 
Therefore, it is obvious that the subray of c that emanates from z* lies in 
the ^-neighborhood of g*P* and c lies in the ^-neighborhood of Sato(c) 
for some B(e) with respect to metric ds- Q 

5. The connection among the CAT(O) geometry, the Cayley 

GRAPH AND THE CONED OFF CAYLEY GRAPH 

In this section, we build the connection between the space that a relatively 
hyperbolic group acts on and the associated graphs of the group (Cayley 
graph and coned off Cayley graph). It is the key step to prove the Main 
Theorem in Section [6l 

From now, we denote the metric in T(G, S) by ds, the metric in T(G, S, P) 
by d, and the metric in X by dx- We suppose the finitely generated non- 
elementary relatively hyperbolic group G acts properly and cocompactly on 
the metric space X, where X is a CAT(O) space. Therefore, we have a 
Cr-equivariant map <£: T(G,S) — > X that satisfies the inequality 

(1) ld s («, u')-l< d x (*(u), *(«')) < Kd s (u, u') 

for all u,v! G T(G,S) and N K (®(X)) = Y for some K > 1. In particular, 
$ is a -fT-quasi-isometry. We note the reader that we will use the inequality 
([1]) many times in the rest of the paper. 

Lemma 5.1. For each e > there is a positive number L = L(e) such that 
if c is an e-quasigeodesic in T(G,S), then $(c) is a L-quasigeodesic in X. 

The proof of this lemma is elementary and we leave it to the reader. 
We define Y g p = &(gP) for each peripheral left coset gP and we call it a 
peripheral space. 

For each peripheral space Y g p, we define its boundary in X, denoted dY g p, 
to be the set of all [7] € dX where 7 C Np(Y g p) for some R. Each element 
in such dYgp is said to be a peripheral limit point. 

We observe that dY g p is a non-empty set if P is infinite. Moreover, each 
Y g p depends on the G-equivariant quasi-isometric map $ but dY g p does 
not. We also observe that the group G acts on the CAT(O) boundary of X 
and the set of all peripheral limit points is invariant under the action of G. 

Lemma 5.2. {Y a p)gP<^n is a quasidense, locally finite, bounded penetration 
and uniform neighborhood quasiconvex collection of subsets in X. 

Proof. It is obvious since (gP) g p<=n is a quasidense, locally finite, bounded 
penetration and uniform neighborhood quasiconvex collection of subsets in 
T(G,S),X and T(G,S) are quasi-isometric under <I> and (Y g p) g p G u is the 
image of {gP) g p<zn under the quasi-isometric map <&. □ 

Lemma 5.3. dY gP n dY g > P > = when gP / g'P'. 
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Proof. It is obvious since {Ygp)gP&n has the bounded penetration property. 

□ 

From the result of Lemma 15.31 it makes sense to have the following defi- 
nition: 

Definition 5.4. Two peripheral limit points are said to be of the same type 
if they both lie in dY g p for some peripheral left coset gP. 

Lemma 5.5. If x and y are two peripheral limit points of the same type and 
g is any group element in G, then gx and gy are also two peripheral limit 
points of the same type. 

The proof for this lemma is obvious and we leave it to the reader. 

Remark 5.6. From the result of Lemma 15.51 we see that the group G acts 
on the space obtained from dX by identifying all peripheral limit points of 
the same type. 

Lemma 5.7. There are constants e > 0, r > such that the following holds. 
If a is a geodesic in X, then there is an e-quasigeodesic c in T(G, S) such 
that the Hausdorff distance between 3?(c) and a is at most r. Moreover, if 
a is a geodesic segment with two endpoints <&(g) and &(h), where g,h EG, 
then c could be chosen with endpoints g and h. If a is a geodesic ray with 
initial point $(g), where g S G, then c could be chosen with initial points g. 

Proof. It is obvious since X and T(G, S) are quasi- isometric under the map 

□ 

Definition 5.8. A pair of paths (c, c) in T(G, S,¥) is said to be an (e,A)- 
nice pair if c is an e-quasigeodesic ray in T(G,S), c is a geodesic ray in 
T(G, S, P) and each G-vertex of c lies in the ^-neighborhood of c with 
respect to metric d$. A pair of paths (c, c) in T(G,S,F) is said to be a 
nice pair if it is an (e, A)-nice pair for some e, A. A pair of paths (c, c) in 
r(G, S, P) is said to be an (e, A, r)-nice pair of some geodesic a in X \i (c, c) 
is an (e,j4)-nice pair and the Hausdorff distance between $(c) and a is at 
most r. A pair of paths (c, c) in T(G, S, P) is said to be a nice pair of some 
geodesic a in X if (c, c) is an (e, A, r)-nice pair of a for some e, A, r. 

Remark 5.9. If (c, c) is an nice pair in r(G, S, P), the Hausdorff distance 
between them is finite with respect to metric d. 

Lemma 5.10. There are positive constants e, A, r, B such that the following 
holds. Let a be a geodesic ray in space X such that [a] ^ dYgP for any gP. 
Then there is an (e,A,r)-nice pair (c, c) of a such that c lies in the IB- 
neighborhood o/Sato(c) with respect to ds- Moreover, if a is a geodesic ray 
with initial point «$(<?), where g G G, then c and c could be chosen with 
initial points g. 
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Proof. The lemma can be proved by using the Lemma [5. 7[ Lemma f4.15| and 
the facts X and F(G,S) are quasi-isometric under <3? and (Y g p^ p&u is the 
image of {gP) g p<zn under the quasi-isometric map <&. □ 

Lemma 5.11. For each geodesic ray ir in T(G, S, P) there is a geodesic ray 7 
in X such that [7] ^ dY g p for any peripheral left coset gP and the following 
holds. If (c, c) is an arbitrary nice pair of 7, then the Hausdorff distance 
between tt and c is finite in T(G, S, P) or tt and c are equivalent geodesic 
rays in f(G,S,F). 

Proof. Let {g n } be the set of all G-vertices of tt. For each n > 1 choose a 
geodesic 7„ connecting $>(go) and $>(g n ) m X. By Lemma [5.71 there is an 
e-quasigeodesic c n with the endpoints go and g n such that the Hausdorff 
distance between <3?(c n ) and 7 n is at most r for some uniform constants e 
and r. There is a subsequence ( r y m „) of (7^) that approaches to a geodesic 
7 in X. 

For each m > and m n > m, there is a point £ TOn in c mn such that 
ds( z m n >9m) < ^4 for some A = A(e) defined in Lemma 14.131 By in- 
equality ([1]), dx($(gm)> ®{ z m»)) < if-A. Since the Hausdorff distance be- 
tween <E>(c m ,J and 7 mn is at most r, then there is w mn E 7 mn such that 
d x ($(z mn ),w mn ) < r. It implies that d x ($(gm),w mn ) < KA + r. We 
could assume that w mn approaches w G 7. Thus, $(5m) lies in the (iTA+r)- 
neighborhood of 7. 

For each n > 1, choose a n be a geodesic that connect $(<? n _i) and $(g n ) 
and we define a = a± U 02 U «3 • • • . Since the endpoints of each a, lies in the 
(iiT^ + r)-neighborhood of 7, then a also lies in the (it"A-|-r)-neighborhood 
of 7 by Lemma [221 Since dx($(go), &(g n )) approaches infinity, then a is 
an infinite ray. Thus 7 lies in the Mi -neighborhood of a for some M\. 

If 7 C Np(Y g p) for some positive number R and some peripheral left coset 
gP, then a C N R+KA+r (Y gP ). In particular, $(g n ) lies in the N R+KA+r (Y gP ) 
for all n. It implies g n lies in the (K(R + + r) + ET) -neighborhood of 
gP for all n by the inequality ([1]). Thus d(go,g n ) are bounded. This is a 
contradiction since 7r is a geodesic. Thus, [7] ^ c^p for any peripheral left 
coset gP. 

Let (c, c) be any nice pairs of 7. Thus, the Hausdorff distance between 
7 and ^(c) is at most r' < 00 and G-vertices of c lie in some the A 1 — 
neighborhood of c with respect to ds- (The existence of (c, c) is guaranteed 
by Lemma 15.101 ) 

For each wine there is v in c such that ds(u, v) < A'. Since the Hausdorff 
distance between <&(c) and 7 is at most r', then there is z in 7 such that 
dx(^{v),z) < r'. Since 7 lies in the Mi-neighborhood of a, there is w in 
some a n = \$(g n -i),$(g n )] such that dx{z,w) < M\. Thus <ix ($(v), , w) < 
Mi + r'. 

If <? n -i and g n lie in some peripheral left coset gP, then $(g n _i) and 
$(g n ) ne m ^gP- If implies u> lies in some M2-neighborhood of Y g p by the 
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uniform neighborhood quasiconvexity of Y g p. Thus, there is g' in gP such 
that d x (w,$(g')) < M 2 , then d x (* (v), < M i + r' + M 2 . Thus, 

flO < K(Mi +r' + M 2 ) + K by the inequality ©. It implies that 

d S (u,g') < d s (v,g') + d s (u,v) < K{M\ + r' + M 2 ) + K + A 1 

Also g n and lie in the same peripheral left coset gP then d(g n ,g') < 1. 
Therefore, 

d(0n,«) < d(u,g')+d(g n ,g') < d s (u,g')+d(g n ,g') < K{M 1 +r'+M 2 )+K+A'+l 

If there is no peripheral left coset that contains both g n -\ and g n , then 
g n -i and g n are two vertices of a 5-edge of 7r. Since ds(g n -i, 9n) = 1> then 
dx(*(fln~i)>*(0n)) < K. It implies < K. Thus, 

d x ($(i;),$( 5 „)) < d x [w,$(g n )) +d x {$(v),w) <K + r' + M 1 

It implies that ds(v,g n ) < K(K + r' + Mi) + K by the inequality ([1]). Thus, 

ds(«,5n) <ds(v,Sn) + d5(w,«) < ^(^ + r' + Mi) + K + A' 
It implies that 

d(u,g n ) < K(K + r' + M x ) + K + A 1 

Therefore, c lies in a bounded neighborhood of tt with respect to d. Since c 
is a geodesic ray, then n also lies in a bounded neighborhood of c. Therefore, 
in both cases, the Hausdorff distance between tt and c with respect to d is 
finite or 7r and c are equivalent geodesic rays in T(G, S,¥). □ 

Lemma 5.12. Let a and a' be two geodesic rays in X with the same initial 
point $(/jq), where ho € G. Let (c, c) and (c',c') in T(G,S,¥) be (e,A,r)- 
nice pairs of a and a' respectively. Suppose that the initial points of all 
c, c, c', c' are ho and c,c' are two equivalent geodesic rays in T(G, S, P). Then 
a, a' are two equivalent geodesic rays in X. 

Proof. Let (g n ) and (g' n ) be the sequences of all G— vertices of c and c' respec- 
tively. Let (x n ) and (x' n ) be the sequences of vertices of c and d respectively 
such that ds( g n ,Xn ) < A and d s (g' n , x' n ) < A. 

By Lemma 14.121 there is a constant v such that the Hausdorff distance 
between {g n ) and (g' n ) is at most v with respect to the metric ds- It implies 
that the Hausdorff distance between {x n ) and (x' n ) is at most v + 2 A with 
respect to the metric ds- Thus, the Hausdorff distance between &(x n ) and 
§(x' n ) is at most K(v + 2 A) by the inequality (P). 

Let (w n ) and (w' n ) be the sequences of vertices of a and a' respectively 
such that dx(w n , <3?(x n )) < r and dx{w' n , $(x^)) < r. It implies that the 
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Hausdorff distance between (w n ) and (w' n ) is at most K(v + 2A) + 2r. Also 
d x (®(h ),w n ) >d x (®(h ),<f>(x n )) - d x {w n ,<$>(x n )) 

- j^ d s(ho,x n ) - 1 - r 

> j^{ds(ho,g n ) - d s (g n ,x n )) - 1 - r 

> — (d(h ,g n ) - A) - 1 - r -> oo 

Similarly, c?x (<3?(/i' ), -u;^) — > oo. 

For each x in a, x must lie in [w n _i,w n ] for some n. Since w n _i,w n lie in 
the (K(v+2A)+2r) -neighborhood of a' , then x also lies in the yK{v+2A)-\- 
2r) -neighborhood of a' by Lemma [2 .71 Thus a lies in the (K(v + 2A) + 2r) — 
neighborhood of a'. Similarly, a' lies in the (K(v + 2A) + 2r) -neighborhood 
of a. Therefore, a, a' are two equivalent rays in X. □ 

Lemma 5.13. Let a be a geodesic ray in X such that [a] ^ dY g p for any 
gP and (c, c) be an (e, A,r)-nice pair of a. Then, for each g € G, (gc,gc) 
is an (e, A,r)-nice pair of ga. 

Proof. It is obvious since G acts isometrically on X, T(G, S,F), T(G, S) and 
the map <I> is G-equivariant. □ 

The proof for the following lemma is obvious and we leave it to the reader. 

Lemma 5.14. Let a be a geodesic ray in X such that [a] £ dY g p for some 
gP and h be any group element in G. Then h[a] E dY^gp. 

6. Main Theorem 

In this section, we will show the connection between the CAT(O) boundary 
of X and the the relative boundary of a relatively hyperbolic group G that 
acts on X properly and cocompactly. 

Now, we build the map /: dX — > A^T between the CAT(O) boundary of 
X and the infinite hyperbolic closure A^r of the T(G, S, P) as the following: 

Let [a] be a point in dX. If [a] € U^pen^^P' then there is a unique 
peripheral left coset goPo such that [a] G dY go p . We define /([a]) = v go p . 
If [a] ^ U g pendY g p, then there is a nice pair (c, c) in T(G, S, P) such that 
the Hausdorff distance between $(c) and a is finite. We define / ([a]) = [c\. 

Lemma 6.1. / is well-defined 

Proof. Suppose [ai]= [02] in dX, where a\ and «2 are two geodesic rays in 
X. If one of them belongs to UgPen <W g p then there is a unique periph- 
eral left coset goPo such that [a±] = [02] € dY go p . Therefore, /([ai]) = 
/([a 2 ]) = v go p . Suppose that [«i]= [02] lies in dX - UgPgn^^P- Let 
(ci,ci) and (02,02) be two nice pairs of a\ and respectively. Thus, the 
Hausdorff distances dn ($(ci), ct\) and ^($(02), 02) are finite. It implies 
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that the Hausdorff distance d^(^(ci), $(02)) < 00. Thus the Hausdorff dis- 
tance between c\ and C2 is finite with respect to metric ds- It implies that 
the Hausdorff distance between c\ and C2 is also finite with respect to metric 
d. Since the Hausdorff distance between Cj and Cj is finite with respect to 
metric d for i = 1,2, then the Hausdorff distance between c\ and £2 with 
respect to metric d is finite i.e [ci] = [£2]. □ 

Lemma 6.2. f(dX - \J gPeU dY gP ) = 8T. 

Proof. It is guaranteed by the definition of / and Lemma 15.111 □ 
Lemma 6.3. f(U gPeU dY gP ) = V^f). 

Proof. We have /(U s Pen^9 p ) — VooiP) by construction. For each v gP G 
Ko(r), since P is infinite, we could choose [a] G and we have /([a]) = 
V Therefore, /(U 9 P 6 n 5 V) => ^oc(f). □ 
Lemma 6.4. / is injective in dX — U^pen ®Y g p. 

Proof. It is guaranteed by Lemma 15.121 □ 
Lemma 6.5. / is G~equivariant. 

Proof. It is guaranteed by Lemma 15.131 Lemma 15.141 and the fact that 
hvgp = Vhgp for any peripheral vertex v g p and any group element h G G. □ 

Lemma 6.6. / is continuous at each non-peripheral limit point. 
Proof. Let x be an arbitrary point in dX — UgPen ®Y g p. Thus, y = f{x) G 
dT. Let W be a neighborhood of y in A^T. We will show that there is an 
neighborhood U of x such that f(U) C W. Since A^T is a subspace of AT, 
then there is a finite set C of V(T) such that M(y, C) n A^f C W. 

Choose a geodesic ray a in X with the initial point <3?(/io) for some /io m 
G such that [a]=x. Let e, r be the numbers in Lemma l5.10l and Lemma [5.71 
Let A be the maximum of numbers A in Lemma [5 . 1 1 and Lemma [4. 161 (We 
note that the number A in Lemma 14.161 depends on the number e we have 
just chosen above.) Let (c, c) be an (e, A, r)-nice pair of a such that c and 
c have the same initial point ho. We have f(x) = f([a\) = [c]. 

Let a = max{ d(ho, a) \ a G C }. Let K be the constant in the inequality 
((H). Let L = L(e) be number in Lemma EU Let Mi = M\(KA, L) be the 
constant such that any L-quasigeodesic segment whose endpoints lie in the 
XA-neighborhood of any set Y g p must lie in the Mi-neighborhood of Y g p. 
Let R = R(5, a) be the constant in Lemma 12.91 where 5 is the hyperbolic 
constant of the T(G, S, P). Let B = B{e) be the constant in Lemma 14.161 
Let 

ni = K(Mi + KA + 2r + 1) + K + 1 

n 2 = K(2KA + 2r + KL(2A + l) + L + l)+K + l 

n 3 = K(KA + KB + 2r + 1) + K + 1 

no = 3a + 2P + maxjrai, ri2, ^3} + 1 
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Let h* be a G-vertex in c such that d(ho, h*) > uq. Choose y* in c such that 
ds(y*,h*) < A. It implies that d x ($(y*),$(h*)) < KA. Choose a positive 
number S such that dx(^(y*),a(S)) < r. It implies that 

d X (Hh*),a(S)) < d x (Hy*),Hh*)) + d x ($(y*),a(S)) <KA + r 

Let U = U[$>(ho), x, S, l) be a neighborhood of x (see Definition 12.21) . 

For each x' in U, there is a geodesic ray a' that emanates from $(/iq) such 
that dx (a'^), a(S)) < 1 and [a'] = x' . Let 7r be a geodesic in V connecting 
f{x) and f(x'). We claim that ir fl C = 0. We have two cases: 

Case 1: Suppose 2/ lies in dX — UgPen^^P 

We let (c',c') be an (e, A, r)-nice pair of a' such that d and c' have 
the same initial point Hq. We have f(x') = f([a']) = [c']. Let (g n ) be 
the sequence of all G-vertices of c' and (x n ) be a sequence in c' such that 
ds(g n ,x n ) < A. Certainly, go = ho. We have d x (a'(S), [$(xi),$(x i+1 )]) < 
r for some i. We try to show the distance between gi and h* in T(G, S, P) 
is bounded. 

Suppose gi,gi+i both lie in some peripheral left coset gP. Since 

< Kds(xi, gi ) < KA 

and 

dx[®{x i+ i),${g i+ i)) < Kd s (x l+1 ,g i+1 ) < KA 
then [$(zj), lies in the Mi-neighborhood of Y g p. It implies that 

dx(a(S),Y g p) <M x +r 

Thus, 

dx[Y g p,${h*)) <dx(a'(S),Y g p)+dx(a'(S),a(S))+d x (Hh*),a(S)) 
<M 1 +r + l + KA + r 
< Mi + 2r + 1 + if A 

Thus, d s (sP, h*) < K(M l + 2r + 1 + if A) + K by the inequality ([I]). 
Also gi E gP, then 

c%, /»*) < if (Mi + 2r + 1 + KA) + if + 1 < m 

Suppose gi,gi + \ are vertices of a S'-edge. (i.e ds(gi, <7i+i) = !)• It implies 
that dx($(ffi),$(ft+i)) < if. Since 

< Kd s (xi, gi ) < KA 

and 

d x (*(^+i)> $ (ft+l)) < ^5(^+1,^+1) < if A 

then dx ($0e»)j $0^+1 )) < 2KA+K. Since ^(xi+i)] is a L-quasigeodesic, 

then its length of is at most L(2KA + K) + L. 
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It implies that 

dx{H9i),a'(S)) <d x [*(9i)Mxi)) + d x ($( Xi ),a'(S)) 
<KA+(r + L(2KA + K) + L) 
<KA + r + KL(2A + 1) + L 

and 

d x ($(jgi),$(h*)) <d x ($( gi ),a'(S))+d x (a(S),a'(S))+d x ($(h*),a(S)) 
<KA + r + KL(2A + l) + L + l + KA + r 
< 2KA + 2r + KL(2A + 1) + L + 1 

Thus, 

ds(9i, h*) < K(2KA + 2r + KL(2A + 1) + L + l) + K 

Therefore, 

d(gi,h*) < K(2KA + 2r + KL(2A + 1) + 1 + L) + K + 1 < n 2 

Assume for the contradiction that irPiC ^ 0. Then we could choose z in ir 
such that d(fiQ, z) = d(ho,ir) < a. Choose zi,z[ in c and c' respectively such 
that d(z, zi) = d(z,c) and d{z^z' 1 ) = d(z,c'). It implies that d{z\,z) < a 
and d(z[,z) < a. Thus, d(zi,ho) < 2a and d(z[,ho) < 2a. Choose Z2,z' 2 in 
7T such that d(h*,Z2) < R and d(gi,z' 2 ) < R. It implies that 

d(h*,gi) > d(z' 2 ,z 2 ) - d(h* , z 2 ) - d(z' 2 ,gi) 

>d(z,z' 2 ) + d(z 2 ,z)-2R 

> (d(z[,gi) - d(z[,z) - d(z' 2 ,gi)) + (d(z 1 ,h*) - d(z,zi) - d(h*,z 2 )) 

> (d(z[,gi) - a-R) + (d{z u h*) - a-R) -2R 

> (d(h , gi ) - d(h , z[)) + (d{h , h*) - d(ho, z x )) -2a-AR 

> (d{h , h*) - d( gi ,h*) - 2a)) + (d(h , h*) - 2a) —2a — AR 

> 2uq — 6a — 4R — maxjni, n 2 } 

Also d(gi, h*) < max{ni, n 2 }. It implies that no < 3<r + 2R + max{ni, n 2 }. 
This is a contradiction for the choice of no- Thus, ir n C = in this case. 

Case 2: Suppose x' 6 dY g p for some peripheral left coset gP. Thus, a' 
lies in some i?i-neighborhood of Y g p- Let c' be a geodesic from ho to i> g p. 
Choose c' to be an e-quasigeodesic with the initial point ho in T(G, S) such 
that the Hausdorff distance between $(c') and a' is at most r. Since a' lies in 
some -Ri-neighborhood of Y g p, then $(c') lies in the (R\ + r)-neighborhood 
of Y g p. It implies that d lies in the \K{R\ + r) + i^) -neighborhood of 
by the inequality (P) . 

Let (gi)o<i<n be the finite sequence of all G-vertices of c'. By Lemma 
(gi)o<i<n lies in the ^-neighborhood of d . Let (xj)o<i< n be a sequence 
in c' such that ds{gi,Xi) < A. 

If a'(S) lies in the r-neighborhood of [3>(a;j), 3>(a;j+i)] for some i, then 
we argue as the previous case. 
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Suppose a'(S) does not lie in the r-neighborhood of [<&(xj), <&(xj+i)] for 
any i. Since the subray c" of c' that emanates from x n must lie in the B— 
neighborhood of gP, then <3?(c") lies in the ICS-neighborhood of YgP- Thus, 
a'(S) lies in the (KB + r)-neighborhood of Y g p. It leads to 

d x {Y gP ,<f>(h*)) <dx{a'(S),Y g p)+d x (a'(S),a(S))+d x (^(h*),a(S)) 

< KB + r + 1 + KA + r 

< 2r + 1 + KA + KB 

Thus, 

d s (gP, h*) < K(2r + 1 + KA + KB) + K 

Therefore, 

d{v gP , h*) < K(2r + 1 + KA + KB) + K + 1 < n 3 

Assume for the contradiction that ttPiC ^ 0. We argue the similar argu- 
ment as the previous case to have no < 3a + 2R + ns- This is a contradiction 
for the choice of no- Thus, tt n C = in this case. 

In both cases, since there is a geodesic tt connecting y = f(x), f(x') and 
vrnC7 = 0, then/(x') G M(y,C)nA 00 f. It implies /([/) C M(y, C) D A^f . 
Thus f(U) CW. □ 

Lemma 6.7. / is continuous at each peripheral limit point. 

Proof. Let x be an arbitrary peripheral limit point. Then x lies in dY go p 
for some peripheral left coset goPo- Thus, y = f(x) = v go p . Let W be a, 
neighborhood of y in A^r. We will show that there is an neighborhood U of 
x such that f(U) C W. Since A^r is a subspace of AT, then there is a finite 
set C of vertices of T that does not contain v go p such that Mn^u (v go p , C) n 
Aoof C 

Let C\ be the set of all G-vertices of C and C2 be the set of all peripheral 
vertices of C. Let ho G go-Po — (Ci U Ud 9P gC2 -^ e * 17 = max { ^(^o> °) I 
a G C }. Choose a geodesic ray a in X with the initial point ^(/lo) such that 
[a]=x. We see that a lies in some ^-neighborhood of Y go p . Let e, r be the 
numbers in Lemma f5.10l and Lemma [5 .71 Let A be the maximum of numbers 
A in Lemma 15.101 and Lemma 14.161 Let B be the maximum of numbers B 
in Lemma 15.101 and Lemma 14.161 (We note that the numbers A and B in 
Lemma 14.161 depends on the number e we have just chosen above). Let K 
be the constant in the inequality ([1]). Let L = L(e) be number in Lemma 
15. 1L Let m > m&x{K(KB + r + l + R) + K + l,a} + l be a positive integer. 
Let Mi = M\(r + 1 + R, L) be the constant such that any L-quasigeodesic 
segment whose endpoints lie in the (r + 1 + i?)-neighborhood of any set 
Y g p must lie in the Mi-neighborhood of Y g p. Let M2 be the supremum of 
all diameters of all sets Nkb(Y 9 p) H Nm 1 (Y 9 'pi) where gP and g'P' are two 
different peripheral left cosets. Let t be the number of peripheral subgroups. 
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Let 

ii = max{ d x ($(h ),c) \ c G $(Ci) } 
£ 2 = max{ d x ($(ho),Y gP ) | v gP G C 2 } 
£ 3 = max{£ 2 ,KA + r} 

Let M = M{1%) be the constant such that any geodesic segment whose 
endpoints lie in the ^-neighborhood of any set Y gP must lie in the M— 
neighborhood of Y gP . Choose S\ > £±+r+KA such that a (Si) ^ Nm+i(\J v 

Let S = Si+2r+L£m(M 2 +2). Let C7 = U($(ho),x,S,l) be a neighborhood 
of x (see Definition 12. 2p . 

For each x' in U, there is a geodesic ray a' that emanates from 4>(/to) 
such that dx(cx'(S), a(S)) < 1 and [a'] = x'. We will show that f(x') G 
Mft i i'j (%,p , C) n AqoT. We have two cases. 

Case 1: Suppose x' lies in dX — \J gP£ jj dY gP . We let (c, c) be an (e, A, r)- 
nice pair of a' such that c and c have the same initial point h,Q. We have 
fix!) = f([a'\) = [c]. We claim that c n C = 0. 

Assume for the contradiction that c n C 7^ 0, there is a G c n C\ or 
a G c fl for some such that u 9 p G C2 H c. Let v G c such that 
ds(a,v) < A. It implies that 

dx($(a),$(i>)) < Kd s (a,v) < KA 
Let S' be a positive number such that (a'(S'), 3>(i>)) < r. It implies that 

d x ($(a),Q'(S')) <#A + r 

We have 

djc(*(a), *(/*,)) >dx(a'(5'),$(/io)) -d^($(a),a'(5')) 
> S' - r - KA 

We claim that S' < S\. If a G C\, then $(a) G $(Ci). It implies that 
dx($(a),$(/i )) <4- Thus^i >S'-r-KAorS'<li + r + KA<S 1 . 
If a ^ C\, then a lies in some gP such that t> 9 p G C%. Since 

d x {Ha),a'(S')) <KA + r<£ 3 

then d x (Y gP , a/ (Sty < £3. Also, d x (Y gP , &(ho)) < £ 2 < h- Thus, the 
subsegment \$(ho), a'(S')] of a' must lie in the M-neighborhood of Y gP . 
Thus, the subsegment [<E>(/io), a'(S')] must lie in the M-neighborhood of 
\J V (zc 2 Y gP - Also dx (a(Si) , a' (Si)) < 1. Thus, S' < Si by the choice of 

Si. 9P 

Let u G c such that dx (a'(S), <3?(u)) < r. Choose G-vertex g* G c such 
that ds(u, g* P*) < -B for some g*P*. We could choose such 5* to maximize 
d(ho,g*)- It implies that 

dx($(u),l>p*) ^ Kd s (u,g*P*) < KB 
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Also, 

d x {Hu),Y goPo ) < dx{Hu),a'(S)) +d x {a(S),a'(S)) +d x {a(S),Y goPo ) 
<r+l+R 

Thus, 

d x {Y goPo ,Y g *p*) <d x ($(u),Y g * P *) +dx(<S>(u),Y goPo ) 
<KB+r+l+R 

It leads to 

d s (g Po,g*P*)<K(KB + r + l + R) + K 

Therefore, 

d{h ,g*) < K(KB + r + l + R)+K+l<m 

By using the similar technique as we used in Lemma 14.151 and Lemma 
14.161 we could see that [u, v] lies in the ^-neighborhood of the O-saturation 
of the segment c' of c that connects a and g* . The length of this segment 
is less than m. Thus Sato(c') is the union of at most £m peripheral left 
cosets. It implies that $(Sato(c')) is the union of at most £m peripheral 
spaces. Also [$(u),$(v)] = $[u,v\) C N KB (®(Sa,t (c')) . Thus, there is 
a peripheral space Y--p such that NkbO^p) contains two points x* and 
y* in $>(v )] such that the length of the subsegment of $>(v )] 

connecting x* and y* is at least \jlvn of the length of [<J?(u), 3>(u)l • Since 

>d x (a'(S'),a'(S)) -d x (a'(S')Mv)) - d x (a'(S),$(u)) 

>S-S'-2r 

>S-Si-2r 

then the length of [$(«), $>(v )] is at least S — S\ — 2r. Since the segment 
[$(tt),$(u)l is a L-quasigeodesic, then 

d X (x*,y*) > j±-{S - Sx - 2r) - 1 > M 2 + 1 

Also, 

d x ($(u),Y goPQ ) < d x {Hu),a'(S)) + d x {a(S),a'(S)) + d x {a(S),Y goPo ) 
<r+l+R 

and 

d x {Hv),Y goPo ) < dx{Hv),a'(S'))+dx{a(S'),a'(S'))+dx{a(S'),Y go p ) 
<r+l+R 

Thus, 3>(^)] lies in the Mi-neighborhood of Y goPo . In particular, x* 

and y* lie in the Mi -neighborhood of Y goPo . Thus, 

diam(^ B (y-p) n N Ml (Y goPo )) > d{x*,y*) > M 2 + 1 

This is a contradiction for the choice of M 2 . Therefore, c n C = 0. 
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If we extend c by attaching the peripheral half edge connecting v go p 
and the initial point ho of c, then we have a (1, l)-quasigeodesic connecting 
y = f(x) = v go p Q and f(x') that does not meet C. It implies f(x') G 

Case 2: Suppose x' G dl^/p^ for some g'oP'o- Let c be a geodesic in 
r(G, S 1 , P) connecting /io to t^p^- Let c be an e-quasigeodesic ray with 
the initial point ho in T(G, S) such that the Hausdorff distance between 
<3?(c) and a' is at most r. Also a' lies in some i?i-neighborhood of Y g ' p^- 
Thus, $(c) lies in the (R\ + r)-neighborhood of Y g i pi . It implies that c 
lies in the + r) + -fT) -neighborhood of 5o-^o- Therefore, c lies in the 

.B-neighborhood of Sato(c). Choose u G c such that (^("u), a'(5')) < 
r. There is G-vertex g* in c such that ds(u, g* P*) < B for some g*P*. 
We argue as the previous case to have a (1, l)-quasigeodesic connecting 
y = f(x) = v gi) p and f(x') that does not meet C. It implies f(x') G 

Since f(x') G M (1;1) (v ffoPo , C)nA 00 f for all x' in [/, then f(U) C M(y, C7)n 
Aoof . Thus, f(U) CW. □ 

Lemma 6.8. f is a quotient map. 

Proof. It is obvious since / is continuous, dX is a compact space and Aoo(r) 
is Hausdorff. □ 

From all above lemmas in this section, the following lemma is obvious 
and completes the proof of the main theorem. 

Lemma 6.9. / induces a G-equivariant homeomorphism from the space 
obtained from dX by identifying the peripheral limit points of the same type 
to A oc (f). 
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